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Let R denote the class of meromorphic functions of the form:
fðzÞ ¼ 1
z
þ
X1
k¼0
akz
k; ð1:1Þ
which are analytic in the open punctured unit disc
U ¼ fz : z 2 C and 0 < jzj < 1g ¼ U n f0g:6757776.
hoo.com (M.K. Aouf),
wah), hanaazayed42@yahoo.
tian Mathematical Society.
g by Elsevier
ing by Elsevier B.V. on behalf of E
3.013A function f 2 R is meromorphic starlike of order b, denoted
by R*(b), if
Re zf
0ðzÞ
fðzÞ
 
> bð0 6 b < 1; z 2 UÞ: ð1:2Þ
The class R*(b) was introduced and studied by Pom-
merenke [1], Miller [2], Mogra et al. [3], Cho [4], Cho et al.
[5] and Aouf [6,7].
Let u(z) be an analytic function with positive real
part on U satisﬁes u(0) = 1 and u0(0) > 0 which maps U onto
a region starlike with respect to 1 and symmetric with respect
to the real axis. Let R*(u) be the class of functions f(z) 2 R for
which
 zf
0ðzÞ
fðzÞ  uðzÞðz 2 U
Þ: ð1:3Þ
The class R*(u) was introduced and studied by Silverman et al.
[8]. The class R*(b) is the special case of R*(u) when
uðzÞ ¼ 1þð12bÞz
1z ð0 6 b < 1Þ.
gyptian Mathematical Society. Open access under CC BY-NC-ND license.
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fðzÞ ¼ zþ
X1
k¼2
akz
k; ð1:4Þ
which are analytic in the open unit disc U and let S be the sub-
class of A consisting of functions which are analytic and uni-
valent in U.
Ma and Minda [9] introduced and studied the class S*(u),
the class S*(u) consists of functions fðzÞ 2 S for which
zf0ðzÞ
fðzÞ  uðzÞðz 2 UÞ; ð1:5Þ
and the class C(u) consists of functions fðzÞ 2 S for which
1þ zf
00ðzÞ
f0ðzÞ  uðzÞðz 2 UÞ: ð1:6Þ
Following Ma and Minda [9], Shanmugam and Sivasubrama-
nian [10] deﬁned a more general class Ma(u) consists of func-
tions fðzÞ 2 S for which
zf0ðzÞ þ az2f00ðzÞ
ð1 aÞfðzÞ þ azf0ðzÞ  uðzÞ ðaP 0Þ: ð1:7Þ
Analogous to the class Ma(u), we deﬁne the class FaðuÞ as
follows:
For a 2 C ð0; 1, we let FaðuÞ be the subclass of R con-
sisting of functions f(z) of the form (1.1) and satisfying the ana-
lytic criterion:
 zf
0ðzÞ þ az2f00ðzÞ
ð1 aÞfðzÞ þ azf0ðzÞ  uðzÞ: ð1:8Þ
We note that for suitable choices of a and u(z), we obtain
the following subclasses:
(1) F0ðuÞ ¼ RðuÞ (see Silverman et al. [8] and Ali and
Ravichandran [11, with a= 0]);
(2) F0 1þz1z
  ¼ F ð1Þ ¼ F  (see Aouf [12, with b= 1]);
(3) F0 1þð12bÞz1z
 
¼ RðbÞ ð0 6 b < 1Þ (see Pommerenke
[1]);
(4) F0 1þbð12cgÞz1þbð12cÞz
 
¼ Rðg; b; cÞ ð0 6 g < 1;
0 < b 6 1; 1
2
6 c 6 1Þ (see Kulkarni and Joshi [13]);
(5) F0 1þAz1þBz
 
¼ K1ðA;BÞ ð0 6 B < 1;B < A < BÞ (see
Karunakaran [14]).
In this paper, we obtain the Fekete–Szego¨ inequalities for
meromorphic functions in the class FaðuÞ.
2. Fekete–Szego¨ problem
To prove our results, we need the following lemmas.
Lemma 1 9. If p(z) = 1 + c1z + c2z
2 +    is a function with
positive real part in U and l is a complex number, then
c2  lc21
  6 2maxf1; j2l 1jg:
The result is sharp for the functions given by
pðzÞ ¼ 1þ z
2
1 z2 and pðzÞ ¼
1þ z
1 z :Lemma 2 9. If p1(z) = 1 + c1z + c2z
2 + . . . is a function
with positive real part in U, then
c2  mc21
  6 4mþ 2 if m 6 0;2 if 0 6 m 6 1;
4m 2 if mP 1:
8><
>:
When m< 0 or m> 1, the equality holds if and only if
p1ðzÞ ¼ 1þz1z or one of its rotations. If 0< m< 1, then the equal-
ity holds if and only if p1ðzÞ ¼ 1þz21z2 or one of its rotations. If
m= 0, the equality holds if and only if
p1ðzÞ ¼
1
2
þ 1
2
k
	 

1þ z
1 zþ
1
2
 1
2
k
	 

1 z
1þ z ð0 6 k 6 1Þ;
or one of its rotations. If m= 1, the equality holds if and only if
1
p1ðzÞ
¼ 1
2
þ 1
2
k
	 

1þ z
1 zþ
1
2
 1
2
k
	 

1 z
1þ z ð0 6 k 6 1Þ;
or one of its rotations. Also the above upper bound is sharp and it
can be improved as follows when 0< m< 1:
c2  mc21
 þ mjc1j2 6 2 0 < m 6 1
2
	 

;
and
c2  mc21
 þ ð1 mÞjc1j2 6 2 1
2
< m < 1
	 

:
Unless otherwise mentioned, we assume throughout this paper
that a 2 C ð0; 1.
Theorem 1. Let u(z) = 1 + B1z + B2z
2 + . . .. If f(z) given by
(1.1) belongs to the class FaðuÞ and l is a complex number, then
ðiÞ a1  la20
  6 ð1 2aÞB1j j
2
max 1;
B2
B1
 1 2l ð1 2aÞð1 aÞ2
" #
B1


( )
; B1–0; ð2:1Þ
ðiiÞja1j 6 jð1 2aÞB2j
2
; B1 ¼ 0: ð2:2Þ
The result is sharp.
Proof. If fðzÞ 2 FaðuÞ, then there is a Schwarz function w(z) in
U with w(0) = 0 and Œw(z)Œ< 1 in U and such that
 zf
0ðzÞ þ az2f00ðzÞ
ð1 aÞfðzÞ þ azf0ðzÞ ¼ uðwðzÞÞ: ð2:3Þ
Deﬁne the function p1(z) by
p1ðzÞ ¼
1þ wðzÞ
1 wðzÞ ¼ 1þ c1zþ c2z
2 þ . . . : ð2:4Þ
Since w(z) is a Schwarz function, we see that Rep1(z) > 0 and
p1(0) = 1. Deﬁne
pðzÞ ¼  zf
0ðzÞ þ az2f00ðzÞ
ð1 aÞfðzÞ þ azf0ðzÞ ¼ 1þ b1zþ b2z
2 þ . . . : ð2:5Þ
In view of (2.3), (2.4) and (2.5), we have
pðzÞ ¼ u p1ðzÞ  1
p1ðzÞ þ 1
	 

: ð2:6Þ
Since
p1ðzÞ  1
p1ðzÞ þ 1
¼ 1
2
c1zþ c2  c
2
1
2
	 

z2 þ c3 þ c
3
1
4
 c1c2
	 

z3 þ . . .
 
:
Fekete–Szego¨ inequalities for certain class of meromorphic functions 199Therefore, we have
u
p1ðzÞ  1
p1ðzÞ þ 1
	 

¼ 1þ 1
2
B1c1zþ 1
2
B1 c2  c
2
1
2
	 

þ 1
4
B2c
2
1
 
z2
þ . . . ;
and from this equation and (2.6), we obtain
b1 ¼ 1
2
B1c1;
and
b2 ¼ 1
2
B1 c2  c
2
1
2
	 

þ 1
4
B2c
2
1:
Then, from (2.5) and (1.1), we see that
b1 ¼  1 a
1 2a
	 

a0; ð2:7Þ
and
b2 ¼ 1 a
1 2a
	 
2
a20 
2
ð1 2aÞ a1; ð2:8Þ
or, equivalently, we have
a0 ¼  1
2
1 2a
1 a
	 

B1c1;
and
a1 ¼ ð1 2aÞB1c2
4
þ ð1 2aÞc
2
1
8
B1  B2 þ B21
 
:
Therefore
a1  la20 ¼
ð1 2aÞB1
4
c2  mc21
 
; ð2:9Þ
where
m ¼ 1
2
1 B2
B1
þ B1  2l ð1 2aÞB1ð1 aÞ2
" #
: ð2:10Þ
Now, the result (2.1) follows by an application of Lemma 1.
Also, if B1 = 0, then
a0 ¼ 0 and a1 ¼ ð1 2aÞB2c
2
1
8
:
Since p(z) has positive real part, Œc1Œ 6 2 (see Nehari [15]), so
that
ja1j 6 jð1 2aÞB2j
2
;
this proving (2.2). The result is sharp for the functions
 zf
0ðzÞ þ az2f00ðzÞ
ð1 aÞfðzÞ þ azf0ðzÞ ¼ uðz
2Þ; ð2:11Þ
and
 zf
0ðzÞ þ az2f00ðzÞ
ð1 aÞfðzÞ þ azf0ðzÞ ¼ uðzÞ: ð2:12Þ
This completes the proof of Theorem 1.
Remark 1. Putting a= 0 in Theorem 1, we obtain the result
obtained by Silverman et al. [8, Theorem 2.1].
By using Lemma 2, we can obtain the following theorem.Theorem 2. Let uðzÞ ¼ 1þ B1zþ B2z2 þ . . . ; Bi > 0; i 2 N;ð
0 6 a < 12Þ. If f(z) given by (1.1) belongs to the class FaðuÞ and
l is a real number, then
a1  la20
  6
ð12aÞ
2
B2 þ 1 2l ð12aÞð1aÞ2
h i
B21
n o
if l 6 r1;
ð12aÞB1
2
if r1 6 l 6 r2;
ð12aÞ
2
B2  1 2l ð12aÞð1aÞ2
h i
B21
n o
if lP r2;
8>><
>>:
ð2:13Þ
where
r1 ¼
ðB2 þ B1Þ þ B21
 ð1 aÞ2
2ð1 2aÞB21
;
and
r2 ¼
ðB2  B1Þ þ B21
 ð1 aÞ2
2ð1 2aÞB21
:
The result is sharp.
Proof. First, let l 6 r1, then
a1  la20
  6 ð1 2aÞB1
2
B2
B1
þ 1 2l ð1 2aÞð1 aÞ2
" #
B1
( )
6 ð1 2aÞ
2
B2 þ 1 2l ð1 2aÞð1 aÞ2
" #
B21
( )
:
Let, now r1 6 l 6 r2. Then, using the above calculations, we
obtain
a1  la20
  6 ð1 2aÞB1
2
:
Finally, if lP r2, then
a1  la20
  6 ð1 2aÞB1
2
B2
B1
 1 2l ð1 2aÞð1 aÞ2
" #
B1
( )
6 ð1 2aÞ
2
B2  1 2l ð1 2aÞð1 aÞ2
" #
B21
( )
: 
To show that the bounds are sharp, we deﬁne the functions
Kun(nP 2) by zK
0
unðzÞ þ az2K00unðzÞ
ð1 aÞKunðzÞ þ azK0unðzÞ
¼ uðzn1Þ;Kunð0Þ ¼ 0
¼ K0unð0Þ  1;
and the functions Fk and Gk(0 6 k 6 1) by
 zF
0
kðzÞ þ az2F00kðzÞ
ð1 aÞFkðzÞ þ azF0kðzÞ
¼ u zðzþ kÞ
1þ kz
	 

;Fkð0Þ ¼ 0
¼ F0kð0Þ  1;
and
 zG
0
kðzÞ þ az2G00kðzÞ
ð1 aÞGkðzÞ þ azG0kðzÞ
¼ u  zðzþ kÞ
1þ kz
	 

;Gkð0Þ ¼ 0
¼ G0kð0Þ  1:
Cleary the functions Kun,Fk and Gk 2 FaðuÞ. Also we write
Ku = Ku2.
200 M.K. Aouf et al.If l< r1 or l> r2, then the equality holds if and only if f
is Ku or one of its rotations. When r1 < l< r2, then the
equality holds if f is Ku3 or one of its rotations. If l= r1, then
the equality holds if and only if f is Fk or one of its rotations. If
l= r2, then the equality holds if and only if f is Gk or one of
its rotations. This completes the proof of Theorem 2.
Remark 2. Putting a= 0 in Theorem 2, we obtain the result
obtained by Ali and Ravichandran [11, Theorem 5.1].
Using arguments similar to those in the proof of Theorem 2,
we obtain the following theorem.
Theorem 3. Let uðzÞ ¼ 1þ B1zþ B2z2 þ . . . ; Bi > 0; i 2 N;ð
0 6 a < 12Þ and
r3 ¼
B2 þ B21
 ð1 aÞ2
2ð1 2aÞB21
: ð2:14Þ
If f(z) given by (1.1) belongs to the class FaðuÞ and l is a real
number, then we have
(i) If r1 6 l 6 r3, then
a1  la20
 
þ ð1 aÞ
2
2ð1 2aÞB21
ðB1 þ B2Þ þ 2l ð1 2aÞð1 aÞ2  1
" #
B21
( )
ja0j2
6 ð1 2aÞB1
2
:
ð2:15Þ
(ii) If r3 6 l 6 r2, then
a1  la20
 
þ ð1 aÞ
2
2ð1 2aÞB21
ðB1  B2Þ þ 1 2l ð1 2aÞð1 aÞ2
" #
B21
( )
ja0j2
6 ð1 2aÞB1
2
;
ð2:16Þ
where r1 and r2 are given in Theorem 2.
Remark 3. For different choices of a and u(z) in Theorems
1–3, we will obtain new results for different classes mentioned
in the introduction.Acknowledgment
The authors thank the referees for their valuable suggestions
which led to the improvement of this paper.
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